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DESIGN OF MINIMUM ENERGY DISCRETE-DATA CONTROL SYSTEMS 

A. M. Revington and J. C. Hung 

SUMMARY 

A procedure is  developed for  designing the minimum energy d i s c r e t e -  
d a t a  con t ro l  of an n- th  order  continuous p l a n t .  The system i s  required 
t o  reach a des i red  f i n a l  s t a t e  from a given i n i t i a l  s t a t e  i n  N sampling 
per iods ,  with N>n.  A very usefu l  matr ix ,  ca l l ed  der ived mat r ix ,  i s  
developed, which expresses the  r e l a t ionsh ip  between the  canonical vec tors .  
The minimum energy c o n t r o l l e r  depends only on the  der ived matr ix ,  a very 
s i m p l e  r e s u l t .  The importance of minimum energy con t ro l  i s  discussed.  
An example i s  given t o  demonstrate the method. 

INTRODUCTION 

The a v a i l a b i l i t y  of modern high speed d i g i t a l  computers a s  c o n t r o l l e r s  
i n  a feedback con t ro l  system demands a new approach t o  con t ro l  system de- 
s i g n  involving d i sc re t e -da ta .  In recent  years  considerable  e f f o r t  has 
been expended on the  optimum design of d i sc re t e -da ta  con t ro l  systems, 
e s p e c i a l l y  on time-optimal deadbeat con t ro l s .  

For systems without s a tu ra t ion ,  Kalman and Bertram presented a very 
e l egan t  methodl Kalman a l s o  proposed a method f o r  s a t u r a t i n g  t i m e -  
optimal con t ro l  i . 

It i s  w e l l  known' t h a t  f o r  non-saturat ing time-optimal con t ro l  an 
n- th  order  system can be brought from an i n i t i a l  s t a t e  t o  a des i red  f i n a l  
s t a t e  i n  n sampling per iods o r  l e s s .  B u t  f o r  s a t u r a t i n g  con t ro l  the  re -  
quired number of sampling periods i s ,  i n  general ,  g rea t e r  than n.  Further-  
more, the  con t ro l  is  not unique. A unique con t ro l  can be obtained by 
imposing an add i t iona l  cons t r a in t ,  f o r  example, the  so-ca l led  minimum 
energy con t ro l .  

I n  many p r a c t i c a l  problems, the  system output i s  required t o  be e r r o r -  
f r e e  a f t e r  a f i n i t e  period NT>nT,  bu t  the  time-optimal response i s  not  
necessary.  I n  t h i s  paper a procedure i s  developed f o r  designing the  mini- 
mum sum-of-input-squares, conventionally c a l l e d  minimum energy, d i s c r e t e -  
d a t a  con t ro l  of an n-th order  continuous p l an t  preceded by a zero-order 
hold.  That is  we want 

1 

1 



N 
E = lm(k)I2 = minimum 

k=l 

where m(k) is the system input during the period (k-lTy kT). 
required to reach the origin of the state space from a given initial state 
in N sampling periods, with N>n. A important matrix, called the derived 
matrix, is developed, which expresses the relationship between the canoni- 
cal vectors. The minimum energy control depends on the derived matrix 
only, which is in a very simple form and is easy to implement. An example 
is given to illustrate the method. 
order of the system. The importance of this type of control is discussed. 

The system is 

The method is not restricted by the 

SYMBOLS 

n - a 

a i = 1, 2, .... real constants 

n-vector whose components are a 1’ a22 . * * . Y  a 

i’ 

- b (N-n)-vector whose components are a *I’ Y “N 

C - n-vector representing the system state in the 
’ canonical space C 

C i = 1 ,  2, ..., n real constants representing the components of s i’ 

C n-dimensional canonical space of the system 

E sum of the squares of the system input steps 

G system transistion matrix 

- h n-dimensional forcing vector of the system 

H 

Ht 

derived matrix 

Transpose of H 

ij-th element of H ij h 

i, j, k running indexes 

m(k) system input during the period (k-lT,  kT) 

2 



I *  . 
’ .  
I *  

m - 

n 

N 

Q 

N-vector whose components a re  m ( 1 )  , m(2) , . . . . , 
m(N) 

order of t h e  system t o  be con t ro l l ed  

number of sampling per iods  a t  t he  end of which the 
system i s  requi red  t o  reach i t s  des i r ed  f i n a l  s t a t e  

nx(N-n) mat r ix  whose columns a r e  the canonical 
vectors r r -n+l’ -n+2’ . . . . y  r -N * 

x i  3 
i = 1, 2 ,  ..., N canonical vec to r s  of t h e  system 

R nxn matrix whose columns a r e  the  canonical vec to r s  

-1 R inverse of R 

S i = 1, 2,  ..., n u n i t  vectors of the canonical space 
-i ’ 

t continuous t i m e  v a r i a b l e  

T Sampling period 

X - n-vector r ep resen t ing  the s t a t e  of t h e  system i n  
the  s t a t e  space 

X n-dimensional s t a t e  space of t h e  system 

MATHEMATICAL FORMULATION 

Consider an n-th order ,  l i n e a r ,  t ime- inva r i an ty  sampled-data system. 
L e t  _x(k) be an n-vector represent ing  t h e  s t a t e  of t h e  system a t  time kT, 
where T i s  sampling per iod .  The system s t a t e  t r a n s i t i o n  equat ion  i s  

where G(T) i s  the  nxn system t r a n s i t i o n  matrix,  h(T)  i s  the n-dimensional 
- forc ing  vec to r ,  and m(k+l) i s  the cons tan t  con t ro l  du r ing  period (kT, 
k+lT) . G(T) has t h e  following p r o p e r t i e s .  
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-1 
G (T) = G(-T) 

Define the  canonical  vectors of the  system as  

( 4 )  

(5) 
-i 

Li = G (T)&(T) = G(-iT)h(T) . i . 1, 2 ,  .... 
5 For a con t ro l l ab le  system , we can choose the  f i r s t  n q ' s  t o  form a b a s i s  

f o r  the  n-dimensional s t a t e  space X, i . e . ,  any s t a t e s  i n  X can be expres- 
sed by 

n 

- x = C a  i -i r 

i=l 

where a ' s  a re  r e a l  cons tan ts .  i 

The con t ro l  sequence f o r  time-optimal con t ro l2  without s a tu ra t ion  i s  
given by 

k = 1, 2 ,  ....... n (7)  k 
m(k) = -a 

This  con t ro l  i s  unique. As a consequence, the input  energy, Eq. (l), i s  
unique f o r  a given i n i t i a l  s t a t e .  

Very o f t en ,  t i m e  optimal control  i s  unnecessary, r a t h e r  the  system i s  
r e q u i r e d  t o  reach the  des i red  f i n a l  s t a t e  i n  f i n i t e  t i m e ,  say,  N sampling 
per iods with N > n .  Under this  s i t u a t i o n  each s t a t e  x i n  X can be expres- 
sed a s  the  l i n e a r  combination of N canonical vec to r s ,  i . e . ,  

N 

x = x a  i -i r 

i=l 

and the  con t ro l  sequence i s  given by 

k = 1, 2 ,  . . . . . . .  N (9 1 -ak m(k) = 

Note t h a t  i n  Eq.  (8) only n of the  N x i ' s  a re  l i n e a r l y  independent. Hence, 
by choosing the  a i ' s  d i f f e r e n t l y ,  there  a r e  an i n f i n i t e  number of d i f f e r e n t  
l i n e a r  combinations poss ib le .  As a consequence, t he re  a re  an i n f i n i t e  
number of poss ib le  con t ro l s ,  Eq. (9), which w i l l  b r ing  the  system from 
the  i n i t i a l  s t a t e  t o  the  f i n a l  s t a t e  i n  N sampling per iods.  
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. 
1 -  

r - 
hll h12 .... h 1 (N-n) 

hZ1 hZ2 .... h 2 (N-n) 
xn] ; 

I 
I 

- hn l  hn2 . hn(N-n) - 

I -  

We want t o  s ing le  ou t ,  from the  i n f i n i t e  number of poss ib le  c o n t r o l s ,  
the  one which consumes minimum energy, i . e . ,  

N N 

E = 1 Im(k) 1 = a: = minimum 

k=l k=l 

This  case has grea t  p r a c t i c a l  importance due t o  the fol lowing f a c t s .  F i r s t ,  
the  cons t r a in t  imposed by Eq. (10) r e s t r a i n s  the  l a r g e r  con t ro l  magnitudes 
and indulges the smaller  ones,  thus the  system i s  less l i k e l y  t o  s a t u r a t e .  
Secondly, t he  same mission i s  accomplished but  with the  l e a s t  energy. 
Thi rd ly ,  the  procedure of obtaining the optimum cont ro l  f o r  minimum energy 
i s  much s i m p l e r  than those f o r  s a tu ra t ed  con t ro l  and/or so-cal led minimum 
f u e l  control6.  

TfIE DERIVED MATRIX AND THE CANONICAL SPACE 

We have seen i n  the l a s t  sect ion t h a t ,  f o r  N y n ,  only n of the  N 
canonical  vec tors  a re  independent. I f  we choose the  f i r s t  n vec to r s ,  
xl, r2 ,  ... r a s  a b a s i s  t he  remaining N-n vec to r s  can be w r i t t e n  a s  -n ’ 

n 

I n  matr ix  form 

The nx(N-n) matr ix  

.... 
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1 -  

a =  - 

I .  

a2 
1 
I 

i s  named "derived matr ix ,"  which i n d i c a t e s  the  l i n e a r  dependence r e l a t i o n -  
s h i p  between vec tors  q ,  .... r and vec to r s  -n+l r Y * . IN' -n 

L e t  R be an nxn matr ix  whose columns are vec to r s  xl, x2, .... r -n 

T + ~ ,  gn+2, and l e t  Q be an nx(N-n) matr ix  whose columns are vec to r s  

.... r Then Eq. (12) becomes -n * 

Q = R H  

Fur ther ,  le t  us def ine  two vec tors  

F a1 

Using these  no ta t ions ,  any s t a t e  _x i n  X may be put i n t o  the form 

n N-n ~~ 

r - , = E a  i -i r + E  a n+j -n+j 
i=l j=1 

= R a  + Q b  

= R a  + R H _ b  

For f u t u r e  convenience, we form a new n-dimensional space C y  c a l l e d  
"canonical space," whose u n i t  vec to r s ,  sl, g2, . . . . , -n' s correspond t o  the  
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canonical vec to r s ,  q, x2, . ..., r i n  the s t a t e  space X. This amounts t o  

applying a l i n e a r  transformation 
n' 
R-' t o  Eq.  (17), giving 

-1 
where E =  R x is  an n-vector i n  C corresponding t o  the  s t a t e  5 i n  X. 
Each component of s gives 

N- n - 
c = a + an+j h i j  i = 1, 2, ...., n i i 

j=1 

Eq.  (18) expresses the  system i n i t i a l  s t a t e  i n  the canonical space 
i n  terms of the c o n t r o l  sequence. This equat ion i s  very use fu l  f o r  the 
f u t u r e  development. 

MINIMUM ENERGY RELATIONSHIP 

For a given i n i t i a l  s t a t e  E i n  C (or ,  equ iva len t ly ,  x i n  X) and f o r  
a given con t ro l  period NT w i t h  N > n ,  t h e  con t ro l  sequence i s  completely 
f ixed  once N-n of t he  N control s t e p s  a re  chosen. Now, w e  want t o  choose 
m(k) = -a i n  such a way t h a t  E q .  (10) i s  s a t i s f i e d .  k 

From E q .  (19) 

N-n 

1 h i j  n+j 
j=1 

a i = 1, ...., n a = c  - i i 

The t o t a l  con t ro l  energy is  

n N-n N-n 
2 

i= 1 j=1 j=1 
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I .  

I -  

. . . . . . , %, gives the  following n+l ’ Minimizing Eq .  (21) with respect  t o  a 

important r e l a t ionsh ip .  (Appendix I )  

- - 
n+j j = 1, 2, ...., N-n a 

i=l 

The matr ix  form of Eq. ( 2 2 )  i s  

t b = H  2 

where Ht i s  the transpose of H. 

Combining Eqs. (18) and ( 2 3 )  , 

The optimum choice of a i s  therefore  

E q s .  ( 2 5 )  and ( 2 3 )  give the  so lu t ion  f o r  the  minimum energy con t ro l ,  which 
show t h a t  t he  c o n t r o l l e r  depends on the  der ived matr ix  H only.  By 
s u b s t i t u t i n g  these  two equations i n t o  E q .  (21) the  minimum energy i s  
(Appendix 11)  

t -1 t E = c  ] 2 .  

DESIGN PROCEDURE 

The above resul ts  a r e  summarized i n  the following a s  the  design procedure.  

1. Given a l i n e a r ,  t ime-invariant ,  dynamical system and the  sampling 
period T ,  the  t r a n s i t i o n  matrix G( t )  and fo rc ing  vec to r  k ( t )  a r e  obtained.  

2 .  Compute the  canonical  vec tors  

r .  = G(-iT)&(T) i = 1, 2 ,  ...., N 
-1 

3 .  Write the  matr ices  

8 



I R = [El, r2’ ...., r - n  

and 

Q = [:n+l. .....) -N r I 
4. Compute the  derived matrix 

-1 H = R  Q 

5. Compute the  con t ro l  vector 

m =  - 

2 
-a  

I 
I 
I 

- a  

-a  

I 
I 
I 

n 

rrtl 

-%I 

where 

t - b =  H a  

Fig.  1 shows the  block diagram of the  complete con t ro l  system. 

EXAMPLE 

Consider the  d i s c r e t e  control  of a second order  system having a 
t r a n s f e r  funct ion 

m =  1 
M ( s )  s(s+l) F(s) = 

( 3 2 )  

( 3 3 )  

( 3 4 )  

9 



The sampling period i s  T = 1 second. 
from an i n i t i a l  s t a t e  t o  the  o r ig in  i n  N = 4 sampling per iods.  

It i s  des i red  t o  b r ing  the system 

Choosing s t a t e  va r i ab le s  x = y and x 1 2 = 9 w e  have the vec tor  d i f f e r e n t i a l  I 
equat ion 

1. The so lu t ion  of Eq. (35) i s  

+ I: m 

Thus, the  t r a n s i t i o n  matrix and forc ing  vec tor  a re ,  respec t ive ly ,  

or 

L 

2 .  The canonical  vec tors  are 

r -i = G(-iT)h(T) = G(-i)q( l )  = 

i 1 l - e  

i 0 e 

-1 e [ 1-e-' 

(35) 
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3 .  

4 .  

5 .  

1 -0 .7182  -3.6706 

1.7182 4.6706 

1 -33.5118 

12.6961 34.5118 
Q =b3, z 4 ] =  

-2 .7183  -10.1074 

3.7183 11.1074 

-1 H = R  Q =  

0.457091 0.404748 

0.404748 0.365635 

[I+" t ] -1 - -[ 
0.48756 0.46983 

0.42751 0.41427 
[I + H Ht I-' R-' = 

( 4 3 )  

( 4 4 )  

0.48756 0 .46982  

0.42751 0.41427 
- a = [  ( 4 5 )  

r -2 .7183  3.7183 1 
' = 1-10.1074 11.1074 i' 

For any given i n i t i a l  s t a t e  i n  s t a t e  space X ,  E q s .  ( 4 5 )  and ( 4 6 )  give 
the  con t ro l  sequence which brings t h e  system s t a t e  t o  the  o r i g i n  i n  4 
sampling per iods.  For example, i f  t he  i n i t i a l  s t a t e  i s  x (0) = 1 and 

x 2 ( 0 )  = 0 
i s  given by 

1 
(corresponds t o  a un i t  s t e p  inpu t ) ,  then  the  con t ro l  sequence 

(47a )  



I .  

I t  i s  i n t e r e s t i n g  t o  compare the  r e s u l t  t o  t h a t  of time-optimal non- 
s a t u r a t i n g  con t ro l  whose con t ro l  sequence i s  given by 

However, i f  s a t u r a t i o n  does occur, say ,  a t  m = 1, then the  a c t u a l  con t ro l  
sequence f o r  t h e  time-optimal design becomes 

(49 

and the  system output  becomes re ta rded ,  whereas the con t ro l  sequence f o r  
minimum energy con t ro l  i s  not  a f fec ted ,  a t  l e a s t  f o r  t h i s  example. F i g .  2 
shows the  th ree  output  response curves of the system f o r  ( a )  minimum energy 
design with N = 4,  Eqs.47a and 47b; (b)  i d e a l  time-optimal design which 
has N = 2, Eq. (48);  and ( c )  retarded time-optimal des ign ,  Eq. (49).  We 
immediately see t h a t  although minimum energy design takes  a longer t i m e  t o  
s e t t l e ,  i t  does give an e r ro r - f r ee  response.  Fig.  3 gives the  system inputs  
for the  th ree  cases .  

SOME REMARKS 

A note on the  choice of t he  number of sampling per iods N would be i n  
order .  One might t h ink  that  a longer N could r e s u l t  in a smaller minimum 
energy. This i s  indeed the  case s ince  the set  of  a l l  input  sequences of 
length N+k conta ins  input  sequences of length  N when the  l a s t  k inpu t s  a re  
s e t  t o  zero.  Thus any minimum energy sequence longer  than N consumes, a t  
the  most, only the  minimum energy required f o r  t he  sequence of length  N .  

A s  pointed out e a r l i e r  and i l l u s t r a t e d  by the  example, the minimum 
energy design a l s o  tends t o  prevent the  system from s a t u r a t i o n .  This 
method i s  e s p e c i a l l y  e f f e c t i v e  when N i s  l a rge .  In many p r a c t i c a l  systems, 
where the time-optimal con t ro l  i s  not  e s s e n t i a l ,  i t  i s  d e s i r a b l e  t o  choose 

12 



. 

I -  

N l a rge  t o  avoid s a t u r a t i o n .  
t o  prevent s a tu ra t ion  i n  t h i s  minimum energy design then most l i k e l y  any 
o t h e r  design technique with the  same N w i l l  a l s o  be unable t o  prevent 
s a t u r a t i o n .  

A s  a mat te r  of f a c t ,  i f  N i s  not la rge  enough 

CONCLUSIONS 

A procedure has  been developed f o r  designing the  minimum energy e r r o r -  
f r e e  d iscre te -da ta  cont ro l  f o r  an n-th order  continuous p l an t .  The system 
i s  required t o  reach a des i red  f i n a l  s t a t e  from a given i n i t i a l  s t a t e  i n  
N sampling per iods ,  with N r n .  An important matr ix ,  c a l l e d  derived matr ix ,  
has  been developed, which expresses the  r e l a t i o n s h i p  between t h e  canonical 
vec to r s .  
der ived matrix.  The design procedure i s  simple and easy t o  implement. The 
importance of minimum energy control  and the  choice of the  number of sampling 
per iod ,  N ,  have been discussed.  An example has  been given t o  i l l u s t r a t e  the  
method . 

The minimum energy c o n t r o l l e r  has been shown t o  depend only on the  

An extension of the  theory to  time-weighted minimum energy con t ro l  w i l l  
be given i n  a forthcoming paper. Fur ther  research  i s  underway on the  re- 
l a t i o n s  between the  number of sampling per iods ,  the  sampling per iod ,  the  
i n i t i a l  condi t ion and the  minimum energy. 
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I I .  APPENDICES 

. 
I. Derivat ion of Minimum Energy Rela t ionship  Eq. (23) 

Eq. (21) i s  

n N-n N-n 

D i f f e r e n t i a t i n g  t h i s  equation with respec t  t o  a with p = 1, 2 ,  ...,, 
N - n ,  n+P ’ 

n N-n 

= - 2 1 hip [ ci - 1 h i j  an+j]+ 2 an+p (A-2) 
aE 
h a  

i=l j=l n+P 

Equating Eq. (A-2) t o  zero and rear ranging  t h e  terns, 

N-n n 

h i p  c i = a  n+p + an+j 1 h i p  h i j  (A-3) 
i=l j=l  i=l 

The above equation can be expressed i n  i t s  mat r ix  form wi th  t h e  a id  of 
E q s .  (13) and (16). 

t t H E = _ b + H  H _ b  

t 
Mult iplying H t o  Eq. (18), w e  a lso have 

t t t H E = H  a + H  H b  

( A - 4 )  

(A- 5) 

Comparing E q s .  (A-4) and (A-5) gives 

which i s  Eq .  (23) 

14 



. 
11. Derivation of Minimum Energy Eq. (26) 

The to ta l  input energy i s  

N 

i=l 

Using Eq.  (A-6) and (18) gives 

which is  Eq.  (26) 
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m(k) = -a i to be 

controlled 

I controller 

F i g .  1 Block diagram of control system 
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-- -------- saturation l eve l  --I 
I (a)  minimum energy w i t h  N=4 
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